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Abstract 

We show that superselection structures on curved spacetimes, that are expected to describe 
quantum charges affected by the underlying geometry, are categories of sections of presheaves of 
symmetric tensor categories. This implies that, provided an embedding functor (whose existence 
and uniqueness are not guaranteed), the superselection structure is a Tannaka-type dual of a 
locally constant group bundle, which hence becomes a natural candidate for the role of gauge 
group. Indeed, we show that any locally constant group bundle (with suitable structure group) 
acts on a net of C*-algebras fulfilling normal commutation relations on an arbitrary spacetime. 
We also give examples of gerbes of C*-algebras, defined by Wightman fields and constructed 
using projective representations of the fundamental group of the spacetime. 
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1 Introduction. 



In the ordinary approach to particle physics quantum fields are the fundamental objects, but do 
not necessarily yield quantum observables because the property of gauge invariance with respect to 
a symmetry group must be imposed. 

In algebraic quantum field theory this point of view is subverted, because at a first stage only 
quantum observables, which form an algebra, are considered, so one could ask whether observable 
quantities can determine the algebra of quantum fields and the gauge group. The answer to this 
question is a pivotal result: quantum fields and gauge group can be reconstructed starting from 
the observable algebra and the set, called the superselection structure, of its physically relevant 
Hilbert space representations {sectors), which label "quantum numbers" as, for example, the isospin 
([13]). A celebrated mathematical byproduct is the Doplicher- Roberts duality for compact groups 
vs. abstract symmetric tensor categories, that generalizes Tannaka-Krein duality ([12 ). 

The mathematical scenario of the above construction is the one defined by Haag, Kastler and 
Araki in the middle sixties ([3J Chp.4],[Tni Chp.III]): we have a fixed base A^c of the Minkowski 
spacetime, the one of double cones, and, for any o S Adc, a C*-algebra Ao that is interpreted as 
the one of quantum observables localized within o . Starting from this interpretation, it is naturally 
required that there are inclusion morphisms 

Jo'o ■ Ao ->■ Ao' : Jo"o' ° Jo'o = Jo"o , Vo C o' C o" e Adc ■ (1-1) 

The pair {A,j) is known as the observable net and is usually realized by means of quantum fields 
in the sense of Wightman ([5J §4.8]). An important point is that Adc is a directed poset (partially 
ordered set) when ordered under inclusion, and this implies that we can construct the inductive 
limit C*-algebra A := \imj{A, j) , that can be represented as a *-algebra of operators on a fixed 
Hilbert space. The superselection structure is then realized as a symmetric tensor C*-category T of 
*-endomorphisms of A , and characterized as the dual of the compact gauge group G (that means, 
in particular, that any p e obj T yields a unitary representation of G). 

Now, there are phisically relevant situations (globally hyperbolic spacetimes in general relativity, 
the 1-sphere in conformal theory, Aharonov-Bohm solenoids in quantum electromagnetism) in which 
the base A of the involved spacetime M is not directed under inclusion (in this case we say that 
M is curved), and {A,j) is more generally a precosheaf of C*-algebras. At the mathematical level, 
at the present time the most general superselection structure available on curved spacetimes is the 
one defined by Brunetti and Ruzzi ([5], a generalization of previous works by Guido, Longo, Verch, 
Roberts and Ruzzi [5TJ |^ [THl [2S] ) , and is expressed in terms of cocycles z with values in the unitary 
group of {A,j). This superselection structure, motivated by the need of clarifying the possible 
relations between spacetime topology and structurial properties of quantum field theory, yields a 
symmetric tensor C*-category T , nevertheless it is not clear how to perform a field reconstruction 
as in the case of Minkowski spacetime, so we do not know whether interpret the dual group of T 
as the gauge group. 

In this paper we prove that T is the category of sections of a presheaf & of simple symmetric 
tensor C*-categories (Theorem 13. 6p . so it can be characterized as a Tannaka-type dual of a locally 
constant group bundle 

(to be precise, T is the dual of the precosheaf of local "constant" sections of Q). An essential 
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ingredient of this duality is given by an embedding morphism /:©—?>£, where £ is a presheaf of 
full subcategories of the one of Hilbert spaces. This is a crucial point, since, as we show in [28], I 
may not exist or be non-unique, so the same holds for Q which, when existing, will depend on the 
choice of /. 

Our results imply that any sector z defines a compact Lie group Gz ^ U(c?) , c? G N, and a 
projective holonomy representation 

Xz-Tri{M)^ NGJGz , 

where NGz is the normalizer of Gz in V{d) . The importance of Xz relies in the fact that if there 
is some embedding of & , then for any z there must be a lift 

Xz ■■ 7ri(M) NGz , Xz = Xz^odGz ■ 

We interpret the Xz 's as flat principal iVGz/G^ -bundles and assign to them Cheeger-Chern-Simons 
characteristic classes living in the odd cohomology of M (see (|2.6p ). which measure the obstruction 
for z being a "topologically trivial" sector as in [T51 

To support the idea that G should be the right candidate for the role of gauge group we construct 
precosheaves of C*-algebras generated by Wightman fields, acted upon by locally constant group 
bundles and obtained by twisting the inclusion morphisms of ordinary field nets (Theorem 14. 5p . 
This yields examples of inequivalcnt field precosheaves (acted upon by inequivalent group bundles) 
having the same observable net, this last causally represented in a fixed Hilbert space (Cor l4.3p . 

The loss of uniqueness and, possibly, of existence of Q can be avoided moving ourselves in the 
more convenient setting of group gerbes on the underlying poset. This notion is illustrated in (|5.ip . 
and we shall show in a forthcoming paper ([29jl that 6 uniquely defines the dual group gerbe 25, 
which may collaps to several, possibily inequivalent, locally constant bundles. The reason why we 
analyze here the setting of locally constant bundles is that embeddings seem to automatically exist 
in physically interesting spacetimes (de Sitter and anti-de Sitter spaces, see Point 5 after Theorem 
13. 6p . and also in generic spacetimes for topologically trivial superselections structures f [181 125j ). 

On the grounds of the previous considerations we expect that existence and uniqueness of a 
precosheaf of field C"''-algebras having {A, j) as fixed-point precosheaf are not ensured. So we give 
the notion of iS -gerbe of C*-algehras on a poset, defined as a pair ^ = {F,i), where F :— {Fo}oeA 
is a family of C*-algebras with *-mononiorphisnis io'o ■ Fo — ^ Fo' , o < o' , whose obstruction to 
fulfil the precosheaf relations (jl.ip is encoded by & (see (|5.2p ). The fact that a unique "field gerbe" 
^ may be reconstructed starting from {A, j) and (3 would support our claim that © is the gauge 
group, and is object of a work in progress. For the moment we limit ourselves to give examples 
of gerbes of C*-algebras defined by quantum fields, obtained by projective representations of the 
fundamental group fTheorem lS.ip . 

2 Mathematical background. 

2.1 Geometry of posets. 

Let M be a topological space. A base A for the topology of M is said to be good whenever each 
a G A is arcwise and simply connected. In all the cases of interest in this paper M will be a locally 
compact manifold (a spacetime), and elements of A will have compact closure. For example, we 



3 



have the Minkowski spacetime with base given by the doublecones, or more generahy a globally 
hyperbolic spacetime with base the set of diamonds f|181 

Now, A becomes a poset (partially ordered set) when endowed with the order relation given by 
inclusion, and encodes some geometric invariants of M . As a first step we consider the simplicial 
set defined by A, whose sets at lower degrees are defined as follows ( |231 124) ): 

• So(A) ;= A, the set of 0-simplices, that are the analogues of "points"; 

• Si (A) , the set of 1-simplices, is the set of "ordered lines" of the type 

b:= {dib,dab;\b\) : dib,dab C \b\ e A . 

• Finally we define the set S2(A) of 2-simplices ("oriented triangles") with elements quadruples 
c = {doc, dic, d2C e S;i(A); |c| £ A) such that 

dhkc ■■= dhdkc = dkdh+ic , \dhc\ C |c| , '\/h>k. (2.1) 

Using 1-simplices we define paths, in terms of sequences 

p -.^bn* .■.*bi : dobk = dibk+i , Vfc = 1, . . . , n . 

To emphasize the initial and ending "points" of p we use the notation 

p : a ^ o , a = dibi , o = dabn . 

The opposite path of p is given hy p :— bi * ... * bn : o ^ a, where any b^, fc = 1, . . . , n, is the 
1-simplex defined by 

dibk := 9o6fc , dobk dibk , |6fc| |6fc| . 
A path frame with pole w G A is a set 

Pu. = {Pau -.oj^a, Va e A} (2.2) 

such that Puiuj — bui :— {uj,uj]uj) G I]i(A). To be concise we write 

Pua '■= Pau) ■ 

Paths of the type p : a ^ a, p' : a ^ e can be composed by defining p' *p :— b'^^*. . .* b\ *bn* ■ . - bi , 
so in particular the set of paths of the type p : a ^ a, called loops, is a semigroup. There is an 
equivalence relation on paths, called homotopy, and the quotient 7ri(A) of the set of loops starting 
and ending at a G A is a group, whose isomorphism class does not depend on a. There is an 
isomorphism 

7ri(A) ~ 7ri(M) , (2.3) 
where tti{AI) is the fundamental group (see [25]). 

Characteristic classes for representations of 7ri(A). Let G be a topological group and 

X:^i(A) 

a morphism. Using (|2.3|) we identify 7ri(A) with the fundamental group and recall that the universal 
cover M defines a principal tti (A) -bundle q : M —i' M , so any fibre q~^{x), x £ M, is a right 
7ri(A)-space. Given a left G-space F , this yields the induced -bundle 

q^:P^^M, (2.4) 
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where is the quotient of M x F by the equivalence relation 

{y,v) ^ {yp,x{p)v) , pG7ri(A), 
and qy,{y,v)r^ :— q{y) , for all ^ P^. A F-bundle of the above kind is called locally constant 

m p-2])- 

Let now be a manifold and G a Lie group. We consider a generic i<"-bundle P M and a 
characteristic class ( defining the 2fc-form ({P) G ^deRhami^) ^ k eN. We say that ( has periods 
in the ring IK C M whenever 

for any 2/c -cycle c G Z2k{M) . In 6] it is proved that there is a unique morphism 

C^P) : C2k-i{M) ^ R/K , 
where C2k~-i{M) is the group of singular {2k — 1) -chains, such that 

{CHP)}(de) = /c(P)modK , V^eC2fe(M), 

where d : C2k{M) Z2k-i{M) is the boundary. 

Since it is well-known that C{Px) = for any locally constant bundle P^ (see [201 §11-3]), we have 
that C^{Px) vanishes on dC2k{M) , so it yields a cocycle defining a class in singular cohomology, 

CHx) [CHPx)] e H'''-\M,m/K) , (2.5) 

which by construction vanishes when x is the trivial morphism. For example, it is well-known 
that the Chern classes Cfe(P) e ZdeRhami-^) ^ k eN, have periods in Z, so for any d-dimensional 
unitary representation x • ''''i(^) ~^ U(c?) there are classes 

c];(x) ei/2fe-i(M,R/Z) , fc = l,...,d. (2.6) 



2.2 Nets of C*-algebras. 

A net of C*-algebras on A is given by a family A = {Aa} of unital C*-algebras, and unital 
*-monomorphisms (called the net structure) 

Ja'a ■ Aa -5- Aa' : Ja"a' O Ja'a = 3a" a , Vo C a' C a" . 

We shall use the notation 21 — (A,j)a ■ Morphisms : 2t ^ 21' of nets of C*-algebras are defined 
by families 

Va ■■ Aa A'a : Va' ° Ja'a = Ja'a ° ^a , Vfl C a' . 

In algebraic quantum field theory it is customary to consider nets such that there is a Hilbert space 
H with Aa C B(H) for all a e A , and any ja'a , a C a' , is the inclusion map. In this case we write 

a= (Aj)a cs(i7) . 

^Here we should use the term precosheaf, nevertheless we prefer to maintain the traditional terminology. 
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Net bundles ( |24l [26]). When any ja'a is an isomorphism we say that 21 is a C*-net bundle; 
fixing a family of ^-isomorphisms Va ■ Aa — > A, , Va G A , and defining 

j'a'a e autA, , j'^,^ I^a' OJa'a O l^a^ > Vfl C a' , 

we obtain a C*-net bmidle 2t' = (^',j')a with constant fibre , isomorphic to 21. In the sequel 
we shall always assume that a net bundle has constant fibre; the notation Aa , a 6 A , shah be 
maintained only to keep in evidence the role of the copy of A^, = Aa as the fibre on a £ A. We 
denote the set of C*-net bundles with fibre A, by 

bun(A,A) . 

To be concise we write jaa' .]a'\, Va C a'. For any b G Si (A) we define > Jdob\b\ ° J\b\dibi 
and 

Xp Jb„ o ■ ■ ■ o Jbi e autA, , Vp = 6„ * . . . * 6i : a -J> a . (2.7) 

The map Xp , p : a — ?> a , factorizes through homotopy, so it yields the C*-dynamical system 
X '■ ''■i(A) — > aut Ah, ; indeed, assigning the holonomy 

2t^X (2.8) 

yields an equivalence from the category of C*-net bundles to the one of tti (A) -dynamical C*- 
systems. 

Analogous definitions, notations and properties hold in the cases of net bundles of groups and 
of Hilbert spaces. In the first case we have group isomorphisms la'a ■ Ga ~^ Ga' , Va C a' , defining 
the group net bundle = (G, i)a , whilst in the second case we have unitaries Ua'a ■ Ha — ^ Ha' , 
Va C a', defining the Hilbert net bundle ~ {H, U)a- We have an equivalence 

from the category of net bundles to the one of locally constant bundles, which holds when the fibres 
are C*-algebras, Hilbert spaces, and topological groups. The geometric content of (|2.9p is that x 
is the holonomy of *P or, equivalently, the monodromy of , whilst can be understood as a 
precosheaf of local sections of . 



Representations ((51 126] ). Let 21 = {A,j)a be a net of C*-algebras. A representation of 21 
is a pair (tt, t/), where tt^ : -> BHa, a e A, is a family of Hilbert space representations and 

U = {Ua'a}aCa' fulfils 

Ua"a = Ua"a'Ua'a , StdUa' a ° T^a = TTq/ O Ja'a , a C a' C a" . 

Defining the Hilbert net bundle ^) — {H,U)a, H {Ha}, we obtain the C*-net bundle *B55 = 
{BH, adJ7)A and (tt, U) can be regarded as a morphism vr : 2t *B55 . When f) is trivial^ we have 
Hilbert space representations, that are those commonly used in algebraic quantum field theory. 



On commutation relations. In this paragraph we give a notion of commutativity for operators 
on Hilbert net bundles, designed to be coherent with the underlying net structure. We shall use it 
to propose a different notion of causality for Brunetti-Ruzzi sectors (see g])- 

^That is, fi is isomorphic to the constant Hilbert net bundle f)'^ = (H'^ ,U^)a with U''^,^ = 1. 
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Let S) = {H, U)a be a Hilbert net bundle. We say that Sj is trivial on C A whenever the 
restriction S)fi := {H,U)q is a trivial Hilbert net bundle. Given a, o G A, we say that a path 
p : o ^ a is trivialized by Sj whenever p is a path in some on which Sj is trivial. We denote the 
set of paths trivialized by by 7ro(A,Jo). 

Given a, o € A and T G BHa , T' e BHo , we write [T, r']± = whenever 

[T,T']l T ■UpT'U;±Uj,T'U;-t = , Vp : o ^ a , p £ 7ro(A, i5) , (2.10) 

where Up := Ub„ ■ ■ ■ Ub^ , p — bn * ■ ■ ■ * bi . Note that the previous expression makes sense since 
UpT'U* e BHa ■ Moreover ((^1^ is symmetric in the sense that [T, T'fj^ = if, and only if, 

P[T,r']± UpTU^-T' ±T' -UpTU^ = 0, 

where p G 7ro(A,55), p : a — o, is the opposite path. Note that: 

• the fact that p is trivialized by f) means that there is a Hilbert space H' with unitaries 

Ve ■■ He ^ H' , e efl, such that Ue'e = V*,Ve , Ve C e' e 17. So we have 

Up = Ki^Lr--%iK* = ' 

and Up is independent of the choice of p e 7ro(A, j^). When a = o we have Up = 1 for any 
p G 7ro(A,i3), p: a a, and [T, T']^ is the usual (anti)commutator. 

• if is trivial then any path is trivialized by 55 . In particular, when S) is the constant Hilbert 
net bundle. Up = 1 and we have the usual (anti)commutator; 

• if i7 C A is such that — and p is a path in 17, then p is automatically trivialized by 
Sj . Note that restrictions to simply connected subsets of A appear in [5| §3.2] to define sharp 
excitations of the vacuum state. 

Gauge actions (|28|). Let 2t = {A,j)a be a net of C^'-algebras and & = (G, i)a a group net 
bundle (whose fibre is assumed to be locally compact and Hausdorff). A gauge action of © on 21 
is given by a family of strongly continuous actions : Go autAo , Vo G A , such that 

(g) I ^g G Go : o < o' . (2.11) 

When © is the constant net bundle (that is, any lo'o is the identity of a fixed group G*), we 
have a group action of G* on 21 by net automorphisms. A morphism : 21 — ^ 21' is said to be 
&-eqmvariant whenever 

l^a ° Ciaig) = a'aig) OVa , Vfl G A , g G Gq . 

The notion of gauge action can be defined for a Hilbert net bundle Sj = {H, C/)a in the same way 
as above, requiring that each adg) , o G A, g G Go, is a unitary operator on Ho- We denote the 
category of © -equivariant Hilbert net bundles on A by 

buna}(A,Hilb) . 
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2.3 Nets and presheaves of tensor categories. 

In this section we recall some properties of nets and presheaves of tensor categories, that constitute 
one of the main objects of study in this paper. More detailed references on this topic are p2l 128) . 

We recall that a C*- category is a category C whose spaces of arrows are Banach spaces, endowed 
with an involution * : {p, a) (cr, p) , \/p,a e obj C, such that {t o t')* = t'* o t* , ||r o t\\ = 
for any pair of composable arrows t,t' . This implies that any {p, p) , p G obj C, is a C^'-algebra. 
A tensor product on C is given by a bilinear bifunctor (E) : C x C ^ C , and the identity object 
L G obj C is characterized by the property that L®p — p®L — piov any p G obj C . To be 
concise, in the sequel we shall write pa := p®a , \/p, a G obj C. We say that C is simple whenever 
(i, t) — Clt , where 1^ is the identity arrow. We say that the tensor product is symmetric whenever 
there is a family Cp^cr G (per, crp) of unitary arrows, inducing the flip {t (g) t') o Cp p/ = e^r.o-' ° {t' ® t) , 
t G (p, cr), i' G (p'jCr'), and fulfilhng the properties in [T^l §1]. In this case we write C^^e- 

The category of finite dimensional, unitary representations (that is, the dual) of a group is the 
basic class of examples for a simple, symmetric tensor C*-category. A simple symmetric tensor 
C*-category with conjugates, direct sums and subobjetcs in the sense of [T^ §1] is said to be a 
DR-category, and is automatically isomorphic to the dual of a unique up-to-isomorphism compact 
group ([111 Theorem 6.9]). 

A net of tensor C*-categories on A is given by a family T = {Ta}aeA of tensor C*-categories, 
and a family of tensor *-monofunctors 

Ja'a ■ Ta Ta' : Ja"a' ° Ja'a = Ja"a , Vfl C a' C a" . 

We shall use the notation ~ {T,j)a- We say that T(g is simple whenever each Ta, a G A, is 
simple. When any ja'a is a *-isofunctor we say that is a net bundle of tensor C*-categories. 
When any T^, a G A, has symmetry and ja'ai^a;p,a) = ^a';j„,„(p) j„,„(cr) for any a C a', 
p^a G obj Ta , we say that Tg, is symmetric and write Tg,^^ . 

The next class of examples is motivated by the analysis of superselection structures in algebraic 
quantum field theory. 

Example 2.1. (Nets of C*-algebras and induced nets of tensor C*-categories, [221, §27]). 

Let A be a unital C*-algebra. Then the semigroup endA of unital *-endomorphisms of A defines 
a tensor C*- category with sets of arrows 

(p, cr) := {i G A : tp{v) = a{v)t , Vw G A} , Vp, cr G end^ , (2.12) 

whose composition is given by the product of A; the tensor product is given by 

p®a -.^ pa := poa , t ® t' := tp{t') , Vp, cr, p', cr' G end^ , f G (p, cr) , t' G (p', cr') . (2.13) 

Let now H be a Hilbert space and d\ — {R,j)a C B{H) a net of C*-algebras on H . For any a G A 
we consider the C*-algebra 

C B{H) , R" C*{Ro : a C o} 

(note that Ra Q R"^ ) and, given p,a E endi?" , the space {p,a) C i?" of \2.12\) . We define the 
categories 

rj. obj := {pGendi?'^:p(i?„)Ci?„,VoDa} , 

" • \ arrT, := {(p, a)a := Ra n (p, a) , yp,a € obj , 
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having tensor product We have 

Ra C Ra> , i?"' C i?-^ , Va C a' , 

and by definition any p € obj Ta restricts to an endomorphism ja'aP G obj Ta' ■ Moreover we have 
inclusions 

Ja'a ■ iP,0-)a' ^ {ja'aP,Ja'aCr)a , p, Cr G obj Ta , 

and this yields the net 1 = {T,j)a- Finally, it is trivial to verify that j preserves the tensor 
structure, so is a tensor net. Note that the identity of Ta is the identity automorphism ta S 
endi?° , so 

{f-a, l'a)a ~ Ra (i?")' . 

Presheaves. There is a natural notion dual to the one of net: a presheaf of C*-categories is given 
by a family of *-monofunctors 

Taa' ■■ Ta' ^ Ta : raa' O ra'a" = ?'aa" , Vo C a' C a" , 

and we shall write T = (T, r)'^ . A presheaf morphism rj : 1. ^ 1' is a family of functors 

r]a-Ta^T'a : r]aO raa' = r'aa' ° Va' , Va C a' . 

Notation and terminology for presheaves are analogous to the ones of nets, so we write T(g).^ to 
indicate presheaves endowed with a symmetric tensor structure. In particular, we say that 77 is a 
symmetric tensor presheaf morphism whenever the involved structures are preserved by rj . 

We say that T is full whenever each raa' , a C a' , is a full functor. In particular, a presheaf 
bundle is a presheaf T = (T, r)'^ where any raa' is a *-isofunctor. The map 

2 = (T, j)a ^ T' = (T, r)^ , raa' := Ja'l , Va C a' , 

yields an isomorphism from the category of net bundles to the one of presheaf bundles. Given a 
symmetric tensor C*-category T,g,^e , we denote the set of symmetric tensor presheaf bundles with 
fibre T^^e by pbun^(A, T^^^) . Reasoning as in (12. 7|) . we obtain a one-to-one correspondence 

pbun'^(A,Tg,,) o hom(7ri(A),autTg,e) , 1®,^ X , 
where autTgj^e is the group of symmetric tensor *-autofunctors of T^^^ . We call x the holonomy 

of 1(8, J ■ 

Example 2.2. Let d £ N and tig ■ G — )■ \]{d) denote the representation of a compact Lie group G 
defined by the inclusion. We denote the category of tensor powers of ttg by no , which is a tensor 
C*-category with symmetry 0. The group G also defines a C*-algebra Og which is the fixed- point 
algebra of the natural G -action on the Cuntz algebra Od (fill/)- We define 

QG -.^ NG/G , 

where NG C U((i) is the normalizer of G . Since there are maps 

QG aut7fG;®,e , QG -> autOc 

(see \27\ %3]), by the previous considerations we obtain maps 

hom(^i(A), QG) ^ pbun^(A,?fG;0,9) , hom(^i (A), QG) ^ bun(A,OG). (2.14) 
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By definition, the category of sections of the symmetric tensor presheaf T(g^^ — (T, r)^ has 
objects and, respectively, arrows 

f g= {ga & Obj Ta} : raa'iga') ^ ga , Vfl C a' , 

1 t = {ta G : r""' {ta') = ta , VaCa'. 

We denote it by T(8,j. It is easily verified that T(g,,j is a symmetric tensor C*-category, and we say 
that 1,^^^ is a DR-presheaf whenever is a DR-category. 

Remark 2.1. Given the symmetric tensor presheaf T®,^ = {T,r)^ , for any a £ A we denote 
the full subcategory of Ta with objects Qa, g ^ obj Tg,^, by . Any raa' , a (- a' , restricts to 
a *-monofunctor r^ : T^, — )■ , Va C a' , and this yields the symmetric tensor presheaf ^ = 
(T^, r'^)'^ . By construction the section categories of T(8,^ , ^ coincide, that is — ^ . 

To illustrate a Tannaka duality for categories of sections we give the notion of embedding, that 
is, a symmetric tensor presheaf monomorphism 

I : T«,5 = (r,r)^ ^ €^,i>^{C,r')^ , 

where is a full presheaf such that any Ca , a G A , is a full symmetric tensor subcategory of 

the one of finite-dimensional Hilbert spaces. 

Theorem 2.2 (Tannaka duality, 28 ). Let T®.^ = (T,r)'^ be a simple, symmetric tensor presheaf 
having an embedding. Then there is a group net bundle = (G,i)A with a full symmetric tensor 
*-monofunctor 1^.^ — > bung (A, Hilb) . 

Now, any section g E obj T®^^ defines a presheaf bundle pg= {g,r^)A, constructed as follows. 
Given a £ A, the fibre ga has objects the tensor powers ga — ga ® ■ ■ ■ ® ga , n £N, and arrows 

p{g:,g'^) := {ta : teig\gn>a} , 

where, for any <; £ obj we used the notation 

{g,<>)>a ■= {t = {to € {g°,^°)}o2a \ roo'ito') ^to , yo C a'} 

(see [551 Prop. 3.4] for details). The restriction functors r^^, : ga' da, a C a' , are defined by 
restricting raa' to ga' ■ The following result describes in terms of the presheaf bundles of Ex l2.2l 

Theorem 2.3 (Holonomy, [28). Let T^^^ = {T,r)'^ be a DR-presheaf Then for any section 
g G obj T(g.5 there are a compact Lie group Gg C \]{d) such that 

pg e pbun^(A,5fG^;^,e) 

and a morphism 

Xs:^i{A)^QGg -.^NGJGg , 

which is the holonomy of pg. If there is an embedding of T^j^ then for any section g there must 
be a lift Xg ■ 7ri(A) NGg, Xg = Xg mod Gg . 

The existence of embeddings can be described in cohomological terms: 
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Theorem 2.4 (Gerbes, |28l). Any section g of a DR-presheaf defines the cochain 

Ug : I]i(A) ^ NGg : dug{c) := Ug{dac)ug{d2c)ug{dic)* eGg , Vce SalA) • 

(Eventual) lifts of Xp 'J'^e *^ one-to-one correspondence with pairs {v,g), v : So(A) NGg, 
g : I]i(A) — )■ Gg, such that 

z{b) := v{dob)g{b)ug{b)v{dibr e NGg , V6 £ I]i(A) , (2.15) 

is a cocycle, i.e. dz(c) = 1, Vc G E2(A). 

3 Presheaves in quantum field theory. 

In this section we give the main result of this paper, showing that the superselection structures over 
curved spacetimes introduced by Brunetti and Ruzzi ([5 ) can be interpreted as section categories 
of simple, symmetric tensor presheaves. Models of these structures have been realized by means of 
massive boson fields on the Einstein spacetime {S^ x R, see [3]). 

Actually, the fact that a superselection structure defines a net 1 of tensor C*-categories was 
already recognized in [TSl §3], [HI §27] (see Ex l2.1l) . Nevertheless T does not suffice to determine 
the superselection structure (see §5.1]); so, rather than *-endomorphisms as in [TH1IH], we make 
use of cocycles, a point of view introduced by J.E. Roberts ([ST). 

Let M be a connected manifold. A causal disjointness relation on M is given by a binary, 
symmetric relation _L defined on subsets of M . In the cases of physical interest _L encodes Einstein 
causality, which states that events localized in causally disjoint regions of M do not interfere one 
each other. The basic example is given, of course, by the relation of spacelike separation in the 
Minkowski spacetime, nevertheless this notion is meaningful also in general relativity (globally 
hyperbolic spacetimes, see |18[ §2.1] for the aspects more pertinent to superselection structures). 

We now fix a base A of M of open sets a G M having proper, compact closure a. In the case 
of general relativity A is the set of diamonds (see jl8i §2.1] or, more shortly, [5^, §3.1]). Restricting 
_L on A we have 

a _L a' and a C a => a _L a' , Va, a' G A . 

To economize in notation we write e < a whenever the closure of e £ A is a proper subset of a G A , 
and set A"^ := {e G A : e < a} . By [SJ Lemma B.5], for any e G A° there is o G A"^ with o _L a. 

Given the Hilbert space H , a Haag-Kastler net over M is given by a net of von Neumann 
algebras 91 — {R,j)A C B{H), fulfilling the following properties: 

1. Einstein causality: Ro C R'^ for all e _L o; 

2. Irreducibility: Dai?^ = CI; 

3. Outer regularity: Ra — r\a<oRo for any a G A; 

4. Borchers property: for any a G A, projection E G Ra and e < a there is an isometry 14 G Re 
such that E = VeV* . 

5. Punctured Haag duality: if x G M, then we have Ra — r]{R'o : o G A, o _L a, o _L {x}} for any 
a G A with a 1. {x} . 
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In this paper we shall not need to use explicitly the above properties, nevertheless we will apply 
results (specially from [5]) that assume them. The crucial property from the viewpoint of physical 
significance is Einstein causality, which states the principle that spacelike separated quantum ob- 
servables must commute and hence there is not uncertainty between them. The standard way to 
construct Haag-Kastler nets on curved spacetimes is the use of free fields ([71130111]). 
We now define the C* -category Z^{U{) with objects unitary cocycles 

z {z{b) e C/i?|b|}bgSi(A) : dz{c) z{dnc)z{d2c)z{dicy = 1 , Vc G I]2(A) , 

and arrows 

{z,z') {t={tae RajaeA : t9„bz{b) = z'{b)to,b , V& G Ei(A) } . 

For any path p : a ^ o, we set 

zip) -.^ z{bn) ■ ■ ■ z{bi) , p = bn*...*bi. 

In particular, we have the identity cocycle t(6) 1, Vfe G Si (A). Note that if t G (t, t) then 
ta = tf), Va G A, with G DaRa ; when is a Haag-Kastler net we have 

na3xRa = Ci , VxeM (3.1) 

(see [3 §3. 2], [251 Eq.23]) and this implies (t, t) = CI. 

As argued in [5l §4] , encodes a superselection structure that gives rise to quantum charges 

affected by the topology of M : for any z G obj Z^{9{) we define H , a G A, and unitaries 

U:,,:=z{a,a';a'):H:-^H:, : U:„,,U:,, = U^,,, , Va C a' C a" , 

defining the Hilbert net bundle S)^ :— {H^, U^)a , which, on turns, yields the C^'-net bundle *8io^ = 
(_BiJ^, adC/^) A carrying the representation 

7r^:9l^<8^'= , TT^{t) := z{p)tz{p)* , Va G A , i G i?a , with p : a -> o , o ± a (3.2) 

(see [5l Appendix A]). When f)z is trivial we have sectors in the classical sense [topologically trivial 
sectors), that define representations of Fredenhagen's universal algebra R ([17]). 

The rest of the section is devoted to the proof that Z^($H) is the category of sections of a simple, 
symmetric tensor presheaf. This automatically gives to Z^(^H) the structure of a simple, symmetric 
tensor C*-category, that, as we shall see, coincides with the one defined in §5]. For reader's 
convenience, and due to the fact that we shall work with restricted nets which in general do not 
fulfil Haag duality, we often shall write explicitly standard computations. 

3.1 Charge structure. 

To introduce the charge structure we follow a standard way and, given a G A , define the set 
locRa C endi?a whose elements are *-endomorphims 

jn I -1 f p{Ro) Ro , '^o D e,o < a, ,„ 

p G endRa 3e < a : i ° - ' 3.3 

{ P — io-R„ , vo ± e,o < a . 

In the sequel we shall keep in evidence the localization region e G A" by writing pe = p. Note that 

Te := Pe°CF^(^ locRa , Vpe, CTg G loci?^ . 
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We now consider the category Zl{9{)<ca with objects pairs {z,p) = Zp, where 

Z = {z{b) G C/i?|6l}bGSi(A») , P = {Pe e l0Ci?a}egA» , 

fulfil 

dz{c) = l , VceS2(A-), 

The first equation says that z is a cocycle defined on the " local" poset A° . The second one yields 
an interpretation of z as the flat connection transporting from dib to dab the quantum charge 
represented by p (see [22l §25-28] or the friendly {W) and implies that z uniquely determines pe on 
Re for any e < a. For, if o G A" with o _L e and p : e ^> o is a path in A" then 

Pe(T') ^ z{pyp,{T')z{p) ,yr eRa Pe{T) ^ z{pYTz{p) , We Re. (3.5) 

The arrows of Zl{y\)^a are given by 

{Zp,W„) ~ { t = {<e e RejeeA-^ : tg^bzib) = w{b)ta,b , V6 G Sl(A'^) } (3.6) 

(note that p, cr play no role in the definition of (zp,Wcr)). Applying repeatedly (j3.4p to a path 
p = 6„*...*6i :e^>o, with e ± o < a, we have that if i G (zp, Wo-) then 

toZp{p) = W„{p)te ^ Tw„{p)te^TtoZp{p)^'"''''"'™=''"'"''''^^ toTZp{p) , VT G i?e , 



so, applying ((33|> , 

(Je{T)te = tePe{T) , Vt G {Zp,W„) , 6 < fl , T e Re ■ (3.7) 

We define the tensor product on each Z;^(5H)<q, a G A. To this end, given Zp,Wa, Zp,,w'^, G 
objZ^^(9^)<a, t G {zp,z'p,), s G (w<T,u;^,), we set 

{z(g)w}poa{b) := Zp{b)p9,b{wa{b)) , Ve < a , 6 G Si(A") , 

(t (g) s)e := tePe{Se) , Ve < fl . 

The fact that the above-defined relations yield a tensor product on Z^(9^)<a follows by elemen- 
tary *-algebraic computations (analogous to those in 22j §27], [521 §4-2.1]), anyway for conve- 
nience of non-specialists we recall some of them. A first point is that since any pe , e < a , is 
a unital *-endomorphism we have that Zp{b) pQ^b{wc{b)) is unitary. Moreover, p.3p implies that 
Zp{b)pdib{wa{b)) G -R|b| for all b G I]i(A°). The cocycle relations follow by computing, for all 
cGS2(A°), 

Zp{doc)pQ^„c{Wa{dQc)) ■ Zp(d2c)p!)^^c{Wa{d2c)) = Zp{doc)Zp{d2C)po^^c{Wa{doC))pg^^e{w^{d2c)) = 

= Zp{dic)poi2{wa{dic)) = 
= Zp{dic)poiAwa{dicj) , 

having used repeatdly p.4p . the composition rule of face maps di2 — du (see (|2.ip or [23i Eq.l]), 
and the cocycle relations of z,w. Passing to "charges", for all t e Ra we have 

Zp{b)paib{wa{b)) ■ {pdiboaaib}{t) = Zp{b) ■ pg^b{wa{b)<Jdibit)) = Paob{craob{t)wa{b)) ■ Zp{b) = 

= {Pdab ° Craob}(t) ■ Zp{b)pOib(Wa(b)) , 
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so p.4r 2')') is fulfilled for z(^w and (z (g) w)poa G obj Z^(5K)<a • To verify that t (g) s is an arrow in 
( {z w)poCT , {z' <8) w')p'oa' ) we compute 

tdobPdob{sdob) ■ Zp{b)pOib(Wa(b)) = td„bZp{b) ■ Pdib{sdobWa{b)) = 

z'p,(b)ta^bPdib{w'„,{b))pc%b{sa^b) = 

^p' (^) PSi b (^^^' (^) ) ■ faPSi b (ssi h ) , 

obtaining the desired relations. 

Remark 3.1. Let e obj Z^{m)<a be the pair defined by the identity cocycle of Z^{9\)^a md 
the constant family with element the identity id^^ G autRa- Clearly is the identity object of the 
tensor product of Z^(5H)<a, and, given x £ a, we have 

where for the equality (!) we used the fact that {a G A : x G a} is downward directed. So 
{l^^l") = CI and Z^{m)<a is simple. 



3.2 Symmetry. 

As a final step we consider the symmetry structure. This is an other essential ingredient at the level 
of duality theory ([121 §1]) and, at the same time, encodes the Fermi-Bose statistics (see [9] for a 
friendly introduction). We introduce the family of unitary operators 

e{Zp,W^)e -.^ W^{Poe)*f^o{Zp{jPo^e))* ■ Zp{po'e)Pe{Wa{Poe)) , Ve < a , (3.9) 

where poe : e o, Po'e : e — )> o' are paths in A" such that o ± o' . The fact the for any a G A there 
are causally disjoint o, o' < a is an immediate consequence of j5] Lemma B.5], so any e{zp,Wa)e , 
e < a, is well-defined as an element of UH C\Ra. By Lemma rA.2l we have that e{zp,Wa)e is 
independent of the choice of Poe , Po'e , o and d . 



Now, the family e(zp,u'cr) fulfils the symmetry relations of tl2| §1], which, in our setting, take 
the form 

t{Zp,Wa)dab- {z®w)poa{b) = {w ® z)aop{b) ■ (i{Zp,Wa)d^b , 

{s(g)t)e-e(Zp,W„)e = e{z'p,,w'^,)e- {t(E)s)e , ,g 
e{Zp,W^)e ■ e{Wa,Zp)e = 1 , e{i°-,Zp)e = e(Zp,t°)e = l, 
e{{z(g)w)poa,Vr)e = eiZp, Vr) e ' Pei^iWa , Vr) e) , 

Ve < a, Zp,z'p,,w„,w'^,,Vr G obj Zl{D\)<a, t G {zp,z'p,), s e {w„,w'^,) , b e Si (A''). The explicit 
computations, that are on the line of [2H [HJ [S], are postponed in and make use of the fact 
that we must have s > 2 spatial dimensions. Nevertheless in general e{zp,Wa) does not define a 
symmetry, because we should have 

e(Zp, Wcr)e & Re , Ve < fl . 

Now, the standard way to prove the above property would be the following: in general, if i G (pe, fJe) 
then 

tt' = tpe{t') = (Te{t')t ^t't , \fo ±e,t' e Ro ^ t G i?^ , Vo ± e , 

and this, by (punctured) Haag duality, suffices to conclude that t E Re. In particular, in our case 
we can verify that e(zp, W(,)e G {cePe, Pe<^e) , nevertheless we are working with families of operators 
in the restricted net 

^H|a» = {{Re}e<a ,J)a" , 



14 



that could violate punctured Haag duality because, given x G Af , we expect that the inclusion 

Re = r^o±e.o±{x}R'o ^ ■= C^o±e,o<aR'o 

may be proper for e < a. So we only can conclude that e{zp,Wa)e & R%, e < a. In the next 
paragraph we show how this difficulty is avoided using Rem l2.11 

3.3 The main result. 

We now define a presheaf structure on the family Z^(1H)< := {^c (^)<a}aeA , by means of the 
restriction functors 

Taa' ■ Zl{'lR)^a' ^ Z^^(5H)<a , ( Taa' Z := ^IsiCA") , ^aa'P ■= {Pe}eGA» ) , raa't := {ie}eGA» , 

which obviously fulfil the presheaf relations Vaa" — faa' ° Ta'a" i Va C a' < a" . 

Lemma 3.2. The pair 3(gi := (^c(^)<;^)^ defines a simple tensor presheaf. Moreover we have 

e{Zp,Wa)e = ei raa'Zp,raa'Wa )e , Vc < a C a' , (3-11) 
where Zp,Wa G obj Z^^Vj^a' ■ 

Proof. We assume a C a' , otherwise there is nothing to prove. Let Zp,Wa G obj Zl{^)^a' and 
t G {zp, Wa) . Then for any path p : e' ^ e such that e < a, e' < a' , |p| C A° , we have 

\\t,r = mp^mptw - \\w{px,t,,w{pr\\ = \k,u,\\ = wte^r , 

so Vaa' is isomctric and 3 is a presheaf. In the following lines we prove that any raa' , a C a' , 
preserves tensor product and the families e(-, •). The fact that the tensor product is preserved is 
evident by (|3.8p . Passing to "symmetry", we consider a C a', z^, G Zl{d\)<^a' and note that the 
operators 

e( Taa'Zp.raa'Wcr )e , 6 G A° , 

should be defined, according to (|3.9p . using paths poe^ Po'e in A" with o _L o'; but since A° C A° 
and Ei(A") C Ei(A° ) we have that poe, Po'e are paths also in A° , so, since any e{zp,Wa)e, 
e G A° , is independent on the choice of poe , Po'e , we obtain (13. lip as desired. □ 

Lemma 3.3. Z^{^) is the category of sections of . 

Proof. If 2; G obj Z^[d\) then we define the family z° :— 2|ei(a<')j ^o- G to add a family of 
charges, for any e < a we set 

f A(±a, e) := {p : dip J- a,dop ^ e} , 

\ Ql{t) := {sidz{p)}(t) , yte Ra , where p G A(± a, e) . 

By O Eq.4.5], does not depend on the choice of p G A(± a, e) , and [SJ Lemma 5.1(i,iv)] H imply 
that G loci?a • Using |5i Lemma 5.1(ii)] we find 

z{b) ■ Ql,b{t) = QdA^) ■ z{h) , yaeA,teRa,be Si(A") , (3.12) 

^ In this reference an x g M is chosen with a ± {x} , and we have the notation g° = 3/J(e)|fl„ , Ve G A° . In the 
above reference it is also proved that is independent of x . 
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so 

Zl ( Z\ {f?:}e<a ) e obj Zl{^)^a ■ 

Let now a C a'; then A(± a', e) C A(± a, e) so, by path-invariance of g'^ , 

:= adz(p')|fl. = , Vpe A(±a',e)CA(la,e) , 

and we conclude that {z^ja is a section of 3- If i £ {z,w) then defining :— t^, < a, clearly 
yields an arrow t"" of Z^($K)<a and a section t := {t"^} , so Z^(fH) is a subcategory of 3- On the 
other side, let us consider a section 

(?,eOeobj3 , {z,g) ^ e obj zi(5K)<a}aeA • 

Since any a G A has proper closure in M , for any 6 e Si(A) there is a G A such that |6| S Si (A") 
and we define z{b) := z"'{b). Since z is a section, the previous definition does not depend on the 
choice of a > moreover given c e S2(A) we have dz{c) = dz°-{c) = 1 for any a > \c\ so 
z G obj Z^{D\) . If t := is an arrow of 3 then for any e G A there must be some a G A with 
e < a and we set tg := , so reasoning as above we have that t :— {t^} is an arrow of Z^{9\) . We 
conclude that Z^{d\) = 3 as desired. □ 

Lemma 3.4. The subpresheaf & :— '3^, defined as in Rem \2.l[ is a simple, symmetric tensor 
presheaf and & — Z^{y{) . 

Proof. By definition we have S = {S,r)^ , where each Sa, a G A, is the full subcategory of 
Z^($H)<a with objects 

obj Sa {z^ , zGobj Z\m)} . 

By Rem l2.1l we already know that © = Z^{yVj. Moreover & is clearly simple and tensorial, so we 
only have to check the symmetry property. To this end we note that we already know from 
that, given o,o' < a, a ± a' , 

e(Zg,w")e := W^{poe)\o{Zg{Po'e))* ■ Zg{po'e)gt{w^{poe)) , e<a, 

fulfils the symmetry relations, so we only have to prove that e{z'^,w^)e G Re for all e G A"^. 
Now, the point is that e{z'^,w^) is defined exactly as in [51 Eq.5.10] and this time, due to the fact 
that z,w are globally defined, the charges g'ei'^e extend to endomorphisms g^j'^e ^ endi?^ , where 
Rx ^j_{x}Ru: for any x £ M such that {a;} ± e (see [3 §5.1]). The property p.7p now holds 
in the form 

<)e • {g^e o = o }(t) • <)e , \/t e , 

at varying of x G M with {x} ± e (see (U Lemma 5.1(iii)]). So, as remarked in §3.21 

e(z^, Oe -t' ^ t' ■ e(z°, Oe , Vt' G i?„ C i?^ , w ± {x} , ± e , 

and we conclude, by punctured Haag duality, that e{z'^,w'^)e G Re as desired. □ 

Remark 3.5 (On the evaluation functor of Z^(fH)). Let us consider the evaluation functor on 
ae A, 

In general ra is not injective on the objects, in fact it forgets the topological content of z defined 
in 13 Eq.6.3], because the holonomy of z^ is necessarily trivial due to the fact that 7ri(A°) — . On 
the other side, we expect that in general ra is not surjective on the arrows. For, if t £ (z, w) is an 
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arrow in Z^(IH), then for any globally defined loop p : e — >■ e, e £ A", we must have the invariance 
condition 

te = w{p)*tez{p) ; 

since z{q) = z'^{q) = w{q) ~ w^{q) = 1 for any loop 5 : e — > e in A", the above invariance is not 
imposed on arrows of Sa, so we expect that (z^jW") is larger than {z,w). 

From the previous Lemmata, and since (by |5, §5]) Z^{D\) is a DR-category, we obtain: 

Theorem 3.6. Let D\ = (i?,j)A ^ B{H) be a Haag-Kastler net. Then & := {S,r)^ is a simple, 
symmetric tensor presheaf such that Z^(5H) is the category of sections of @, and this makes & a 
DR-presheaf. 

In the foUowing points we list some consequences of the previous theorem. 

1. By Theorem 12.31 any sector z G obj Z^(D{) defines a compact Lie group Gz Q l]{d) and a 
holonomy representation Xz ■ 7ri(M) QGz ■= NGz/Gz, which is a complete invariant of 
the presheaf bundle z^^e of tensor powers of z (see (|2.14p ). 

2. By Theorem 12. 2| any embedding yields a full monomorphism of symmetric tensor 
C*-categories Z^{D\) ~ bun© (A, Hilb) , where 25 is a compact group net bundle. If we 
consider the subcategory Zl{D{) of " topologically trivial" sectors (that is, of those z G Z^(9^) 
such that z{b) = V'aQb'09i6 for some -0 = {ipa G URa}) then we have trivial holonomy Xz 
for any z G obj Z}{yi) and there is at least one lift Xz , the trivial one. We have a full 
monomorphism Z^{yVj ^ bung^ (A, Hilb) , where &t is the trivial net bundle with fibre the 
Doplicher-Roberts dual Gt of Z^ ($H) . But by the considerations in [28] , we may also have 
some nontrivial © with Z^{D\) ^ bun© (A, Hilb) . 

3. By Theorem l2.41 any sector z G obj Z^($H) defines a non-abelian cocycle Uz ■ Si (A) — > NGz , 
that classifies lifts Xz ■ ■'''i(^) ~^ NGz , q ° Xz = Xz ■ 

4. Let Pz ^ M denote the locally constant, principal QG2 -bundle defined by Xz ■ Then by (|2.5p 
we have characteristic classes C^{z) := [C^{Pz)] & i?^'^~^(Af, M/K) describing the obstruction 
for Xz being trivial, that is, the obstruction for z being a topologically trivial sector. 

5. Assume 7ri(il/) ~ Z. Given a group epimorphism q : N ^ Q, any group morphisni x '■ 
7ri(M) Q has at least one lift, defined by picking some u G q^^{x{^))- So any z G Z^{D{) 
is liftable and this suggests that there must be at least a dual group net bundle. 

6. Let EH be a Haag-Kastler net such that Gz is trivial for any z G obj Z^(fH). Then NGz = 
QGz = V{d) and Xz takes values in V{d) . By (|2.6I) we have Chern classes 



This is the situation that we expect to hold for quantum fields with trivial superselection 
structure in the Minkowski spacetime, as, for example, the free electromagnetic field. (|3.13p 
is an interesting clue supporting the idea that Brunetti-Ruzzi sectors describe Aharonov- 
Bohm-type situations ([51 §7]): in fact, in the same way the monodromy phase of the quantum 
electromagnetic potential is described by a class in H^{M, M/Z) ([13 §15.5],[T31[T]), the Chern 
character ccs{z) describes the holonomy defined by the sector z G obj Z^(?l) . In this regard, 
we may ask whether we could interpret the results of ^ in these terms. 



( 



Ck{z) := clixz) e i/2fe-i^(M,M/Z) , Vfc - 1, . . . ,d , 
ccs(z) ■■^d + J2t=i TfSf Cfe(2)'n°dQ e Z ® H'^'^'i 



(M,R/Q) . 



(3.13) 
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4 Group bundles as gauge symmetries. 



In the previous sections we showed how the superselection structure Z^{y{) can be described by a 
presheaf and, as a consequence of [35], as the dual of a group (net) bundle when an embedding 
is given. To illustrate how we expext that © should behave like a gauge group we give a class of 
examples, obtained by twisting ordinary field nets in curved spacetimes, in which an action of the 
type (|2.11l) is implemented and representations of the type p.2p appear. 

Let ^ = {F,j)a be a net of C* -algebras. We say that ^ is Z2-graded whenever there is a period 
2 automorphism 

Pa ■ Fa ^ Fa : Pa' ° Ja'a = Ja'a ° Pa , PI = idp^ , Va C a' £ A . 

In this case we set 

F^ {teFa-. Pa{t) = ±0 , Va e A , 
so we have the usual projections 

Fa^Ft ,t^^ l/2{t ± Pa{t)) , Va e A . 

The following definition of normal commutation relations is a variant of [SJ Eq.3.6] taking account, 
differently from the above-cited reference, of the net structure of the involved representation (Nev- 
ertheless, all the results that we shall prove remain valid with the older definition). We say that a 
representation (tt, ?7) of ^ is normal whenever for all a,o G A with a ^ o, ii G , ^2 G , it 
turns out 

r [Ka{tt) , ^o(4)] = [TTaitt) , T^oit^)] = [^a{t^) , ^o(4)] = , 

where the (anti)commutators are in the sense of (|2.10p (with the convention [•,•]_ = [•,•])• 

Let now H^, denote a Hilbert space. A Z2 -graded group on J?* is given by a group G* of 
unitary operators on , metrizable and compact under the strong topology, and a central element 
7 G ZGf: , 7^ = 1 , where 1 G G* is the identity. A (G*, 7) -net of von Neumann algebras is a net 

S'* = iF^,J*)A C BH^ 

represented on the Hilbert space -ff* (that is, is given by inclusion maps), such that 

a'ait) gtg* G F,,a , Vg G G, , i G F,,, , a G A . (4.2) 

We denote the fixed-point subnet by ~ {R*,J*)a, where 

R*M F^,a n G', , Va G A . 

Note that 7 induces a Z2 -grading on S', , and we say that S'* is normal whenever the Hilbert space 
representation {idp,, 1) is normal in the sense of the previous lines (by (|2.10l) . this agrees with the 
classical definition used, for example, in [13]). Finally, we define the normalizer group 

r VF,,aV* = F,,a , Va G A , 
N^G. C UH, : V G N^G, ^ < VgV* € G, , Vg e G, , (4.3) 

[ VjV* = 7 . 
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Lemma 4.1 (Twists of field nets). Let (G*,7) be a Z,2-graded group in the Hilbert space H^, and 
a normal {G^,,"f)-net of von Neumann algebras on . Then for any morphism 

X : TTi{M) -^N^G^C UH, 

there are: 

1. A group net bundle © = (G, z)a with fibre G* ; 

2. A Z2 -graded net of C*-algebras ^ ~ {F,j)^ ; 

3. A gauge action © xa i? — > i?, with fixed point subnet = {R,])a j 

4-. A Hilbert net bundle Sj ~ {H, U)a with holonomy x o.nd a normal representation tt : 5^ — *Bio; 
5. A causal^ representation (ttIt? , J7|fl,) ofVi. 

Proof. Point 1. Given w G A and a path frame P^ as in (|2.2p we define 

«a'a := XiPtoa' * («', «') * Pau,) , Vfl C a' . 

By homotopy invariance the family i fulfils ia"a'^a'a — ^a"ai ya (I a' ^ a" (see |25[ §2.2]), so we set 

Gq = G, , ia'aig) la'agia'a > ^g & , a C a ^ A . 

Point 2. We define Fa := F^^a, Va e A, and 

Ja'a Fa -?■ Fa' , J a' a{t) i a' at i*a- a ' ^O C a' , t ^ Fa . 

Since ia"a''>'a'a = ia"a, Vfl C a' C a", wc conclude that ^ — (-F, j)a is a net. Moreover, since 

la'al = 7*a'a , Vo C a' , 

we have a Z2 -grading on ^ given by adjoint action of 7 . Point 3. Taking into account that Gq = G* 
and Fa ~ F^,,a for all a £ A we define g autFa as in (|4.2p . To check that a is really a gauge 
action, ()2.1ip must be fulfilled, so we compute, for all a S A, g GGa, t & Fa, 

ay^'-'-^K Ja'a{t) = la'agi*a'a-'>'a'atl*a'a-'l'a'ag* l*a'a = ^a' agtg* l*a, a = Ja'a^a^it), 

and this yields the desired equalities. Note that Ra = R*,a for all o G A because G^, = Ga- Point 
4- We set Ha := -ff * , Tra{t) := t, and Ua'a la'a for all a C a' G A, t & Fa- The pair (tt, [/) is 
clearly a representation, that is normal since, for all o _L a , t ^ Fa, t' £ Fq, 

T^ait) ■ Up7ro{t')Up = t-ipt'lp , Vp : ^ a , 

and by construction ipi'i* G i^*,o- Finally, by construction {H,U)\ has holonomy Point 5. 
Since is graded by 7 G G, we have Ra C F+, Va G A, so Trjij is causal by applying ()4.ip . □ 

The following notion is a natural generalization of [131 Def.3.4]. Let ^ — {F,j)a be a Z2- 
graded net with a faithful normal representation (tt, U) on the Hilbert net bundle ^) — {H, U)a , 
H = {Ha}- Assume that there is a net bundle of Z2 -graded compact groups acting on io, that 
is, we have a family G = {Ga C UHa}, and central, period 2 elements 7a G Ga, a G A, such 
that a,dUa'a{Ga) = Ga' , adJ7a'o(7a) = 7a' , a C a' G A, in such a way that the group net bundle 
6 = (G, adC/)A is defined. We assume that 25 defines, by adjoint action, a gauge action on 7r(5'). 
In this case, we call the quadruple (5^, tt, U, ©) a field system- 

''That is iTa{Ra) C TToiRo)' for all o ± a, o,a C oj, in the sense of 112. lOt . 
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Definition 4.2. We say that field systems (^Ji, tti, [/i, ©i) , (3^2, '''2, f^2, ©2) are equivalent when- 
ever there is a unitary family v = \va '■ Hi a — > -^2.0} such that 

Va'Ui^a'a ^U2,a'aVa , adi^a' O Jl,a'a = J2,a'a O adi^a , l^agK ^ , l^a 7l, a = 72, al^a , (4.4) 

for all a C_ a' ; g E Ga ■ 

Note that if Xk, fc = 1, 2, are the holonomies of {Hk, Uk)A, then the first of (|4.4p imphes 

X2{p) = i^a ■ Xi{p) ■ K , yp-a^a. (4.5) 

Corollary 4.3. If the morphism x of the previous Lemma takes values in G* then d\ is isomorphic 
to 91* . Moreover, when x is non-trivial IH* is the fixed-point subnet of inequivalent field systems, 
namely (5"*, id_F, , 1, G*) and {^,Tr,U,&) . 

Proof. Since x takes values in G* we have ia'a{t) = t for all a Q a' and t e Ra, so = . 
To prove that the above field systems are inequivalent it suffices to show that U has nontrivial 
holonomy, in fact the immersion idp, ■ "S* B{H) has trivial holonomy and (|4.5p implies that the 
holonomy of U should be trivial too. But this is not the case, because the holonomy of U coincides 
by construction with x (see the proof of Point 4 of the previous Lemma). □ 

One could argue that the only field net having a physical meaning is S'* . Nevertheless we point 
out that the twisted field net ^ has the same local algebras as iJ* and can be constructed in such 
a way to support the Klein-Gordon and Dirac equations (see ijAj. Moreover, in accord with (|3.2p . 
nets of the above type are unavoidable if one is interested to representations of 5H on Hilbert net 
bundles with nontrivial holonomy. So the question is whether 5H, and the superselection structure 
Z^($H) , encode enough informations to select a unique field system according to a criterion different 
from the one of considering only topologically trivial sectors. Our opinion, on the grounds of [28j 
and the previous corollary, is that the answer is negative. 

The following construction is on the line of [10]. In the sequel we shall consider a Z2 -graded 
group (Go, 7) where Go is not represented (anyway. Go remains compact and metrizable). Let A 
be a symmetric and separating set of irreducible subrepresentations of the regular representation 
of Go . We consider the corresponding Hilbert space 

:= ®ge\Lg C £^(Go) 

on which Go acts by means of the faithful unitary representation 

Go ^ ULx , g H> 5a := ®e9e > (4-6) 

where any gg is a unitary in the irreducible, finite dimensional Go -Hilbert space Lg. The grading 
element 7 induces the spectral decomposition 

L\ = © , 

which decomposes (j4.6p into 

Go^UL^ , 9^ 9x ■■^®eh)=±i9e ■ (4-7) 

^With symmetric we mean that if g S A then the same is true for the conjugate representation "g, whilst the term 
separating indicates that for any g ^ g' & Go there is g G A such that (){g) 7^ sig')- 
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Finally, we consider a real structure (that is, an antilinear, isometric map) J : — ?• , = 1 , 
commuting with (|4.6|) and stabilizing the subspaces Lg for any p £ A with ^(7) = 1 , so that we 
have real structures Jg : Lg ^ Lg. We denote the real subspace of J-invariant vectors in by 
L'j^''^ , which is a real Hilbert space with the scalar product induced by L'^ . 

Now, we say that a compactly supported f : M L^''^ is C°° whenever the function fv{x) := 
{f{x),v) G R, a; € M, is C°° for any v G ij'"', and denote the corresponding real vector space by 
C^{M,l1^"') . Given the decomposition f{x) = {fg{x) e Lg}, x G M , we define the real vector 
space 

V+ := {/ e C^{M, L+^-') : fg^O for finite g e X} . 
The representation (|4.6p induces an action by invertible linear maps, 

Go^GLV+ : fgix):^g+fi^) , V/ G P+ , .g G Go , x € M . (4.8) 

Let us now assume that M has a spin structure and consider the spinor bundle DM M (with fibre 
C''^), whose tensor product with L^ yields the bundle of Hilbert spaces D^M := L^ (g) DM — M . 
We have a direct sum decomposition 

D^M ~ ®g(^)^-lDgM , 

where any DgM := Lg O DM — > M is a smooth vector bundle. Any section s : M ^ ^x-^^ 
decomposes as s = {sg : M — > DgM} , and we say that s is C°° whenever any Sg is a section. 
We denote the set of compactly supported, C°° sections of D^M by {M, D^ M) and define 

V- := {s e S^{M, D^M) : Sgi=Q for finite q e \} , 

that is a complex vector space carrying the action 

Go ^ GLV- : Sg{x) := {g~ ® l}s{x) , Vs G P" , 5 G Go , x G M . (4.9) 

Lemma 4.4 (Existence of field nets on hyperbolic spacetimes). For any globally hyperbolic spin 
manifold M and 7^2 -graded group (Go, 7), there are a Hilbert space with a faithful strongly 
continuous representation t : Gq ^ UH^^ , and a normal (t{Gq), t{'j)) -net of von Neumann algebras 
5^* on . 

The proof of the previous Lemma is postponed to fjA] and is based on the construction of a 
symplectic form on P+ and a scalar product on , that allow to define, respectively, 

• a Klein-Gordon field 0(/) , / G , on the Hilbert space Ht , 

• a Dirac field ip{s) , s G T>^ , on the Hilbert space Hf , 

and then define H^, := Ht ® Ht and , a G A, as the von Neumann algebra generated by 

{e"<'^f^ ® IV, , l0 ® ipis) : f eV+ , seV- , suppif), supp{s) C a} . 
We now define the (compact) normalizer group 

N^Go {V = (BgVg G ULx : VgggV; G g{Go) , V.g G Go} . 
Note that N^G[) acts by adjoint action on Gq and, since 7^ = ±1 for any g G A, we have 

V-ixV* = 7A , VI/ G TV^Go . 
Moreover, any V G N^Gq splits as V = V+ ®V- , e UL^ . 
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Theorem 4.5. Let M denote a globally hyperbolic spin manifold with good base A and (Gq,j) a 
Z2 -graded group. Given a symmetric, separating set X for Gq and a morphism 

X : 7ri(Af) ^ A^^Go , 

there is a 7j2 -graded net of C*-algebras ^ — (-F, j)a endowed with: 

1. A Hilbert net bundle {H,U)a carrying a normal representation (tt^U) of ^; 

2. A gauge action & X i^t:{^) ^ Tr(^) with fixed-point subnet 9\ causally represented on {H,U) a , 
where = (G,£)a is the group net bundle with fibre Go and holonomy ad^. 

Proof. With the notation of the previous Lemma we define G* := t(Go) C UH^,. So (G, ,t(7)) is 
a Z2 -group on , and by the previous Lemma we have a normal (G*, r(7))-net of von Neumann 
algebras on iJ, . Now, by Lemma HTTl to prove the Theorem it suffices to show that the unitary 
representation r of the previous Lemma extends to a unitary representation r of N^Gq taking 
values in Af^-^^-jG* , in fact in such a case we would have the morphism t o x '. tti{M) — >■ iV^(-^)G* . 
But the construction of the desired representation is easy, in fact it suffices to define the actions 

r fvix) V+f{x) , Va; e A/ , / G P+ 

\ svix) := {V~ ® l}s{x) , Vx G A/ , s e , v fc , 

that yield, by universality of the CCRs and CARs, the desired extension r fulfilling 

ry{e'*(^)®l^}r* = e'-^^^^^ ® 1^, , ry {1^ ® i^(s)}t^ = 

The verifications that t{N^Go) C A'!r(-y)G* now are trivial (see (|4.3I) ') and the Theorem is proved. 

□ 



5 Conclusions and the gerbe perspective. 

In this paper we have shown that Brunetti-Ruzzi superselection structures, that are expected to 
describe quantum charges affected by spacetime topology, are section categories of presheaves of 
symmetric tensor G*-categories. As a consequence, several invariants come assigned to sectors 
(a holonomy with values in a compact Lie group, characteristic classes, a nonabelian cocycle). 
Moreover, when an embedding is given, a Tannaka duality describes the superselection structure in 
terms of equivariant Hilbert net bundles (or equivariant flat Hermitian bundles, see [28]). 
Two points remain to be discussed. 

The first one is a further discussion of nets of the type studied in iJUfrom the viewpoint of sectors: 
in particular, we are interested to prove that representations as (tt, U) of Theorem 14.51 define, by 
decomposition, irreducible representations of *H fulfilling the selection criterion [51 §3.2], and that 
these are in one-to-one correspondence with irreducible representations of . 

The second point concerns the reconstruction, starting from the Haag-Kastler net 9^ and the 
presheaf 6, of the gerbe of G*-algebras over A playing the role of the field net [13]. This should 
determine a unique group gerbe playing the role of gauge group, and justify our approach to super- 
selection structures by means of presheaves. In this scenario, the inequivalent field systems defining 
the same observable net constructed in Cor l4.3l should find their mathematical justification as the 
fact that the involved group net bundles are different manifestations of the same gerbe. 

On a similar research line, we would like to mention the recent preprint |16j . where a gauge group 
is defined in a functorial way. The scenario is the one of locally covariant quantum field theory. 
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where generic functors are considered instead of nets. In our setting, it seems natural to conjecture 
that Fewster's gauge group is the Dophcher- Roberts dual of Z^(J)\). 

In the following paragraph we explain what we mean by a gerbe over a poset, and give a 
construction of gerbes of C*-algebras by means of quantum fields. 

Gerbes. As a preliminary step we recall the definition of the sets 

Ni{A) := { & = (60 C \b\ e A) } , N2{A) { c = (cq C ci C |c| G A) } ; 

by [22 §2.2], there are inclusions Ni{A) C Si (A), iV2(A) C E2(A). 
Let now G be a group. A G -gerbe over A is a pair = (i, 5) a , 

i : I]i(A) ^ autG , 5 ; SaCA) ^ G : adS^ o ig,^ = id„c o ia^c , Vc £ S2(A) . (5.1) 

The basic idea is that i is a autG-cocycle (in the sense of [23]) only up to inner automorphisms: 
the obstacle to get the cocycle relations is encoded by the map S that, indeed, is determined by i. 

A <& -gerbe of C*-algebras, denoted ^, is given by a family of G*-dynamical systems Ofa : G — > 
auti^a , a e A , on which *-monomorphisms ja'a ■ Fa — > Fa' , a Q a' , are defined in such a way that 

J|c|ci ° Jcico = a|c|(<5c) o J|c|co > ]\b\bo ° Otboig) ^ Ot\b\{ib{g)) ° ]\b\bo , (5.2) 

for any b G iVi(A) , c G N2{A) , g G . Note that the first equality in (15.21) generalizes whilst 
the second one is analogous to (|2.1ip . Moreover, again by (|5.2p . the fixed point family *K = (R, j)a , 
Ra := F^ , Va e A, is a net of G*-algebras, that we interpret here as the observable net. This 
suggests a new, further role for the gauge group, the one of coefficient group for the cohomological 
obstruction to construct a field net starting from 21 . When 6=1 the gerbe defines a group net 
bundle, written 25, and is a (S-net of G*-algebras. To illustrate how gerbes can arise in quantum 
field theory we give the following result: 

Theorem 5.1. Let M denote a globally hyperbolic spin manifold with good base A and (Go, 7) a 
Z2 -graded group. Given a symmetric, separating set X for Gq and a morphism 

X-.MM) ^ N^Go/Go , 

there are a Gq -gerbe © = (*,<5)a and a & -gerbe of C*-algebras ^ = {F,j)a, defining a fixed-point 
subnet $H = {R, j)\ causally represented on a Hilbert net bundle. 

Proof. We fix a; G A , a path frame , and define 

V,^ ■.= xiPc.Oob*b*p9,bu.) eN^Go/Go , V6eEi(A). 

By homotopy invariance of x i the relations 

Va\.vl^ = vl, , ceE2(A) , (5.3) 

are fulfilled (see §2.2]). For any b e 1)1(6) we pick a Vb e N^Gq such that V;, modGo = F/, so 
(|5.3p implies 

Sc V9,cV9,cVg-l e Go , c e S2(A) . (5.4) 
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We define ib adVfc, Vb S Si (A), which yields, by (|5.4p . the desired gerbe & = {i,5)a- We 
now consider the normal (t(G'o), T(7))-net of von Neumann algebras 5^* of Lemma [4.4i extend r 
to N^Gq as in the proof of Theorem 14.51 and set G* := t(Go), so t{NGo) takes values in N^G^ . 
Recalling the inclusion iVi(A) C Si (A) we define 

Ja'a : Fa ^ Fa' , Ja'ait) := {adr ( V(<,,a' ) ) } W , Vfl C a' G A , t £ F,, . 

Moreover we consider the gauge actions 

tta : Go ^ auti^a , aa{g) := adT(g) , a e A , g G Go . 

By (|5.4I) we have 

J\c\ci ° Jcico ^ (^\c\{^c) ° J\c\co > VceA^2(A). 

Moreover, 

J|6|()o oa&o(5) = {adT(Vb)}oadT(.9) = adT(V^;,g) = a.dT{tb{g) Vb) = a^biMg)) o J\b\bo , 

so 5^ is a (S-gerbe as desired, with fixed point subnet — {R,j)a- To construct a causal 
representation of $H we consider the Hilbert space if, of Lemma 14.41 and the subspace iJ* of 
Go-invariant elements. Defining Ua'aV '■— T{Vi^a,a'))''J ^ a C a' , v ^ i?* , we find, for all triples 
c := {a C a' C a" G A}, 

Ua"a'Ua'aV = T{V(a' ,a") V(a,a'))^' = ^(^c V(q^q") )u = T{V(a,a")) t{5'^)v = t(V(q^q//))w = U a" aV , 

where (5^ V^J-^„~^5cV(a,a") e Go . So ^ = (i?,I7)A , i? = {i?a = i?*} , is a Hilbert net bundle. We 
now define 

TTa-.Ra^BHa , 'Wa{t)v:^tv , Vu G ITq C iJ, , fl G A . 

Since each Ra is pointwise Go -invariant we find that tv G Ha^ so the definition is well-posed. 
Moreover 

adt/a'a 7fa(t) = {adT{V(a,a'))]{t) =Ja'a{t) ^T^a' °Ja'a{t) , 

for all t G i?a , so the pair (tT, U) is a representation as desired. Finally, to verify causality (in the 
sense of (|4.ip ) we note that for any o J- a, ti G Ra, to G Ro, 

[iTaiti) , adUp o TToito)] = [ti , adT{Vp){to)] , p : o ^ a , 

and the last commutator is zero because {adT{V)}Ro C Rg for any V G N^Gq (recall ()4.3p and 
that t{N^Gq) C N^G^,). This suffices to prove causality, because *H has the same fibres of the 
fixed-point subnet of , which is causal. □ 

It is easily verified that x ^ lift to N^Gq if, and only if, there is a choice of {Vb} such that 
V is a 1-cocycle (see [281 Theorem 5.5]), that is, if, and only if, ^ can be arranged in such a way to 
be a net. 

Acknowledgements. The author would like to thank G. Ruzzi for fruitful discussions. 
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A Symmetry and nets on globally hyperbolic spin manifolds. 

The proof of the symmetry relations (|3.10p . Before to make the necessary computations we 
need two Lemmata: 

Lemma A.l. For any a G A, cocycle Zp S obj 2'^(SH)<a and paths p,p' : e — > o in A", we have 
z{p) = z{p') . 

Proof. Let p' : a ^ e denote the opposite path. Then p * p' : o o is a loop in A° and, since 
7ri(A) = 7ri(a) = 0, we have that p*p' is homotopic to the trivial loop bo '■ o ^ a, bo ■— {a, a; a). 
By Lemma 2.6-7] we conclude that z{p)z{p')* = z{p * p') = z{bo) = 1 . □ 

The independence of p allows us to write Zoe '■— z{p) , p : e ^ a; note that z^o = z*^ . 

Lemma A. 2. The symmetry operator 113. 9\) is independent of the choice of Poe, Po'e, o and d , 
for any e < a. 

Proof. The independence of poe , Po'e follows by the previous Lemma, so it remains to verify the 
independence of o, o'. Take w, w' < a, w _L w'. Then 

e{z,w)e 
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as desired. □ 

In the sequel, to be concise, we shall write z = Zp^Wa- = w^v = Vr ^ Z^($H)<a • To prove p. 101 1) 
we compute 

e(z, w)a„b ■ z{b)pQ^i,{w{b)) w^Q^^aoizo'dob)* ■ Zo'dobz{b)pg^biwodobwib)) 

LemmJXi2\ w{b)a d^iy{z{b)) ■ O d^-h{z{b))* w{b)* wlg^^^a o{Zo> dob)* ■ Zo'dibPdibiWo 

Lenima\AJi ^{b)^ Q^b{z{b)) ■ O dib{z{b))* wIq^^G o{Zo' dob)* ' Zo' dibPdib{Wodib) 

= w{b)adib{z{b)) ■ w*oQ^f^ao{z{b))* ao{zo' dob)* ■ Zo'dibPoMwoOib) 

^ w{b)ad^b{z{b)) ■ wlg^^aoizo'dib)* ■ Zo'dibPdib{wodib) 

= w[b)crQ^b{z{b)) ■ e[z,'w)a^b ■ 
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To prove p. 101 2) we compute 



Se<ye[te) " e(z, w)e = Se<7e{te) " wl^ao(Zo'e)* ' Zo'ePe{Woe) 

a'^{te)Se ■ W*^ao{Zo'e)* ' Zo'ePeiWoe) 



o±o' A'S.'Sl 
o±o'. i l3.3l i 



a'^{te)w'l^ ■ SoCToiZo'e)* ' Zo'ePeiWoe) 
w'*oe<^'o{te) ■ Cr'^{Zo'e)*So ' Zo'ePe{Woe) 
'^^'leKi'teZ*,^ ■ Po'{So)Zo'ePe{Woe) 
^'*oe ■ Ki^'o'e)*a-'oito') ' Zo'ePei-SoWoe) 
"^'oe • 0-'oiz'o'e)*to' ' Z o- e P e{s oW oe) 
w'*oe<^'o{z'o'e)* ' to' Zo' ePe{vj'^e) ' PeiSe) 
w'leKi^'o'e)* ■ z'^,^tePe{w'^J ' Pe(Se) 
w'*oe'^'oiz'o'e)*z'^,^p'^iw'^J ■ iePe(Se) 



To prove p. 101 3) we compute 



lot 
lot 
lot 



{Woe)Po'{Woe)* ' WoeCe (^o'e ) 

W*e(To(2;o'e)* ' WoeO-e(Zo'e) 

W*g Woe CTe ( 2o' e ) * CTe (Zo' e ) 
1 . 



The second of (|3.10I 3) is trivial to verify. Finally we prove p. 101 4). To this end, we note that given 
e < a we can pick o _L o' , o, o' < a , in such a way that: 

• o ± e; 

• there is w 3 e, o' such that w _L o; 

(see O Lemma B.5]). The second point implies, using Lemma [Ol that Wo'e = w{bo) S Rui , where 
bo = {o',e;uj) G I]i(A") can be regarded as a path from e to o'. So p.3p implies 

Po'(Wo'e) G -Ro; , To(Wo'e) = "iWo'e ToOpo>{Wo'e) = Po'(fi'o'e) = Po' O To (Wo'e ) , (A.l) 

and we can compute 

e{{z (g) W),v)e = foe'^o(Zo'ePe(Wo'e))* ' Zo'ePe (u^o'e ) ' {Pe O CTeKWoe) 
Ke'^o{Po'{Wo'e)Zo'e)* ' Zo'ePe (t«o'e ) ' {Pe O CTeKl^oe) 



1411 
lot 



v2eTo{Zo'e)* ' {Po' O Tq } (Wo'e))* ^o'e ' Pe (Wo'eCTe (^'oe)) 

Pe{To{Wo'e))* ' p e{w o' eC e{v oe)) 
vl^To{Zo'e)*Zo'ePe{Voe) ' Pe (t'oe'^o (Wo'e )* Wo'eCTe (t'oe)) 
e(z,w)e • Pe(e(w,w)e) ■ 
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Field nets on globally hyperbolic spin manifolds: the proof of Lemma l4.4l We apply the 
construction of ,10^ to the quantum fields defined in [71 [8]. To this end, following [10 we introduce 
a mass function 

fi : X ^ (0, oo) : inf /i > , ^i{g) — ^i{'g) . 

Given a smooth Cauchy hypersurface E C , we consider the restriction operator and the forward 
normal derivative respectively, 

Po,pi : C°°(M)^C°°(S) , 
and, given to > , the linear operator 

E,n : C^{M) C°°{M) 

defined by the fundamental solution of the Klein- Gordon equation with mass m and initial data in 
S (see §2]). 

Let / e 2?+ and v G L'^"' ■ We consider the decompositions f{x) = {fg{x) G Lg}, v = {vg G 
Lg}, and define the C°° , compactly supported functions fg,v{x) := {fg{x),Vg)g G M, a; G M. Note 
that fg^v is linear in v , and 

{f{x),v) = , VxgM, 

where the sum is finite because / G . Let now C^(M,L+'^) denote the linear space of compactly 
supported, L^'^^-valued functions having a finite set of non-zero components on g £ X. By Riesz 
duality in L^''^ and linearity of po,pi,Era we can define the extensions 

E,, : V+ ^ Ci^^{M,Lt'') : {{E^f}{x),v) Egex{EKe)Uv}i^) 

p^Ce-(M,L+■•^)^C;fJI],Lt'^) : i{p^fKx),v):=j:^^^{p,fg^,}{x) , . = 0,1, 

where v, x vary in i^''^, M respectively. 

We now consider the Hilbert space and the associated bosonic Fock space, written 

, carrying the representation of the canonical commutation relations 

[a{h),a*{h')] = I {h,h') , h,h e L^{T.,L+) . 

The argument of [7j Theorem 2] shows that on the Hilbert space Ht a representation of the 

canonical commutation relations holds, 

['/'(/),'/'(/')] = / U,E^r) , Vfj'ev+, 
Jai 

where 

0(/) := 0{p^,EJ) - 7:{p^EJ) , 9 := 2-'^'{a* + a) , n := i2-'/\a* - a) , 
is well-defined because piE^f, p^E^f have compact support in S (see the proof of [3 Cor. 1.3]). 
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We now pass to consider the Dirac field, following [5]. The strategy is the same as the scalar field, 
with the technical complications due to the spinor structures. As a first step we consider the dual 
bundle DM* M of DM and denote the set of C°° , compactly supported sections (cospinors) by 
S^{M,DM*), so we have the pairing {uj,s) e C^{M,C), u e S^{M,DM*), s G S^{M,DM). 
Again, we consider the restriction operator on the Cauchy hypersurface S C M (endowed with the 
spin structure induced by M), 

p : 5°°(M,L>M) , (A.2) 

and the fundamental solution of the Dirac equation with mass m > , 

: 5~ (Af, DM) (A/, DM) ( A.3) 

(see [SI §II.A]). Moreover we consider the representation of vector fields as operators on the space 
of spinors, defined, in local frames, by contraction with the Clifford-Dirac 7 -matrices ([H §I.A]), 

5°°(Af, TM) X S^{M, DM) S^{M, DM) , v, s vs {v'^Yhk^^ , (A.4) 

and the Dirac conjugation, defined (in local frames) by applying to spinors the matrix /3 G §U(4) 
intertwining the 7-matrices with their adjoints (^8, §I.B]), 

S^{M, DM) ^ S^{M, DM*) , s ^ s+ := {s''(3hk)k ■ (A.5) 

If n is the vector field forward normal to S , then we consider the integral 

/ (s+,ns') , s,s' eS^{j:,Dj:) , (A.6) 

that is a scalar product on S^{J:,DJ:) (^ §III.A]). 

We now extend the coefficients considering the Hilbert bundles D^M — s- M {generalized spinors) 
and D^'*M — M , where D^'*M := L^'* CS) DM* is the tensor product of the conjugate space 
L-^'* by the cospinor bundle {generalized cospinors). The restrictions on S shall be denoted with 
analogous notations. We have pairings 

S^UX,D--*X)xS^UX,D-X)^C^{X,C) , lj,s^{lo,s)- , X - Af, E , 

where the symbol "fin" indicates that we are considering (co) spinors with finitely many components 
on g <E \. We also have extensions of (IA.2I) and (jA.3p . respectively, 

: S°°{M,D^M) ^ S°°{^,D^J:) , 

S^:V- ^S^^'iM^D-M) , V := ® 

(The sum of the previous expression is finite for any s G T)^ , so no convergence questions arise). 

Moreover, (jA.6[) yields a scalar product on {Y,, D^Y,) defined, on elementary tensors of the 
type s = si^S2 €S^{J:,D^J:), si €S^{J:,DJ:), S2 €C^{Y,L^), as 

/ {{s+,ns[) {S2,s',)} , s,s' €S^{j:,d-j:) . 
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We denote the corresponding completion by L'^{Ti, D-^^Y,) . Any generalized cospinor uj 6 S^{T,, D-^'*T,) 
can be regarded as a linear functional on D^12) , by extending the map 

to generic vectors in D^Y.) . So D^'*!^) embeds in the conjugate space L^'*(I], D^Y^) . 

We now denote the fcrmionic Fock space of D^Y) by . It carries a representation of 

the canonical anticommutation relations 

X*{h)X{ip)+X{ip)X*{h) ^ {ip,h) , heL^{Y,D-Y) , ipeL^'*{Y,D-Y) . 
We set i?^ := and 

V'(s) -iX*{p^S^,s) , s G P- . 

These [fl are well-defined operators in B{Ht) since p^S^^s has compact support for any s G I?^ 
(see ([HI III.B])). Recalling the definitions of and 5^, and applying to them [S] Prop. 2. 4(d)] we 
obtain, as desired, the CARs 

JM 
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